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In a class of generalized Einstein's gravity theories we derive the equations and general asymptotic 
solutions describing the evolution of the perturbed universe in unified forms. Our gravity theory 
considers general couplings between the scalar field and the scalar curvature in the Lagrangian, 
thus includes broad classes of generalized gravity theories resulting from recent attempts for the 
unification. We analyze both the scalar-type mode and the gravitational wave in analogous ways. 
For both modes the large scale evolutions are characterized by the same conserved quantities which 
are valid in the Einstein's gravity. This unified and simple treatment is possible due to our proper 
choice of the gauges, or equivalently gauge invariant combinations. 
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Recently, we notice a remarkable growth of interest 
concerning the roles of generalized Einstein's gravity the- 
ories, particularly, in the contexts of the unification, 
quantum gravity and cosmology. Low energy limits of di- 
verse attempts to unify the gravity with other fundamen- 
tal forces show some modified gravity theories involving 
dilaton field as the natural outcome; examples are super- 
string theories and theories implementing Kaluza-Klein 
idea jj],!). Quantum loop corrections in the context of 
quantum fields in curved spacetime and arguments for 
renormalization favor the gravity with higher order cur- 
vature terms and general couplings with scalar field j|. 
Consequently, there exists growing possibility that the 
dynamics of the early universe was governed by a gravity 
theory more general than the Einstein's one. In fact, it is 
known that some classes of generalized gravity naturally 
provide the inflation stage in the early universe 

In the following we present a unified way of treating 
the cosmological perturbations in a class of generalized 
gravity theories. The equations and general asymptotic 
solutions for the scalar-type mode and the gravitational 
wave are derived in unified forms. Remarkably, neglect- 
ing the transient mode, the simple forms of the large 
scale solutions known for a minimally coupled scalar field 
in the Einstein's gravity, remain valid in our generalized 
gravity theories, (p|Jr^). 

We consider a class of generalized gravity theories rep- 
resented by an action 



RF - f + 2V 

-9ab r 1" i>;6 - gabF'' 



s 



d 4 x. 



*4>,a " V(4>) 



(1) 



where 4> and R are the scalar field and the scalar curva- 
ture, respectively. We call it generalized f(4>, R) gravity. 
We note that / is a general function of <j> and R, and u> 
and V are general functions of (j). The gravitational field 
equation and the equation of motion are: 



Gab - j 



\a<t>,b ~ 2 gab<l 



(2) 



+ ^ M ;a <l>,a + U ~ 2 ^) = 0, (3) 

where F = df/dR. 

The generalized f((f>, R) gravity theory in ([!]) includes 
the following gravity theories as cases: (A) f(R) gravity: 
/ = f(R) and cj) = 0. R 2 gravity is a case with f(R) = 
R — R 2 /(6Af 2 ). (B) Generalized scalar tensor theories: 
/ = 2(f>R and u> — > 2u)(<ft) / (p. Brans-Dicke theory is a case 
with V = and uj = constant. In the higher dimensional 
unification the Kaluza-Klein dilaton plays the role of the 
Brans-Dicke scalar field with a difference in the sign of 
w §. (C) F((j))R gravity: / = F(<j))R. This includes 
diverse cases of dilaton coupling. (D) Generally coupled 
scalar field: / = (7 — £,(f> 2 ) R and u> = 1 where 7 and £ 
are constants. The nonminimally coupled scalar field is 
a case with 7 = 1; a minimally coupled scalar field is a 
case with £ = 0. Induced gravity is a case with 7 = 
and a special potential. 

As a background model universe we take a spatially 
homogeneous and isotropic metric (FLRW model) with 
vanishing spatial curvature and cosmological constant. 
The most general scalar-type perturbations of the FLRW 
spacetime can be written as 



ds 2 = - (1 + 2a) dt 2 - x, a dtdx c 
+a 2 5 af} (1 + 2ip) dx a dx p , 



(4) 



where a(t) is the cosmic scale factor. Without losing gen- 
erality we took a unique spatial gauge condition which 
removes the spatial gauge mode completely; this made 
the spatial part of the metric of (|J) simple (see §3 of ||). 
For the scalar field we let <f)(x,t) = 4>(t) + 6<fr(x,t); sim- 
ilarly we use F(x,t) = F(t) + 5F(x,t). The perturbed 
order quantities a(x, t), y?(x, t), x(x, t), and 5<f>(x,t) are 
spatially gauge- invariant, but are temporally gauge de- 
pendent; letting any one of these variables equal to zero 
can be used as a gauge condition. Besides the scalar-type 
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mode there exist two other types of fluctuations (the ro- 
tation and the gravitational wave) which decouple from 
the scalar-type one in the FLRW background. In the 
theories we are considering in (Jl[) 5cj> (or SF) does not 
directly couple with these other types of fluctuations m . 

In the context of cosmological perturbations we pro- 
posed a practical way of analysing them which we will 
call a gauge ready method [0j8| . Using this method, hav- 
ing the gauge freedom can be used as an advantage in 
analysing problems. We first write equations without 
imposing the temporal gauge condition; in a homoge- 
neous and isotropic background the spatial gauge condi- 
tion becomes trivial. We can choose the temporal gauge 
condition based on the consequent mathematical simpli- 
fication to handle the problem. In [|| we found several 
temporal gauge conditions which fix the temporal gauge 
transformation property completely. Any variable un- 
der such gauge conditions can be written in terms of the 
corresponding unique gauge invariant combination; thus, 
we can regard them as equivalently gauge invariant ones, 
see (||) . Having a solution in a given gauge condition, the 
rest of the solutions even in other gauge conditions can 
be derived easily. The gauge ready formulation provides 
a simple and systematic way for translating solutions be- 
tween different gauge conditions. 

In the uniform-curvature gauge, we take tp = as the 
gauge condition In order to derive a closed form 
equation for Sip (or SF) we can use the following gauge 
invariant combination 



H 



(5) 



where H = hi a; for gauge transformation properties, see 
§2.2 of ||. (|]) provides a relation between the perturbed 
curvature variable (ip) in the uniform-field gauge and per- 
turbed field variable (Stfi) in the uniform-curvature gauge; 
Scf)^ becomes S(j) in the uniform-curvature gauge, and ipgrj, 
becomes if in the uniform-field gauge which takes S(j) = 
as the gauge condition. In the specific generalized gravity 
theories in (A)-(D) SF and S(f> are related to each other 



SF 



(6) 
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k 2 



= 0. 



(7) 



In the large scale limit, thus ignoring the k /a term, we 
have the following integral form solution 



H 



C(x) - D(x) 



dt 



(8) 



where C(x) and -D(x) are coefficients of the growing and 
the decaying modes, respectively. The growing mode of 
tpscji is conserved. We note that in the large scale expan- 
sion the decaying mode is higher order compared with 
the solutions in the other gauge S. Thus, the coefficient 
C(x) can be interpreted as <ps<j> m the large scale. 
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Introducing new variables 



a 3 4> uj - 
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24> 2 F 



20 2 F 3 
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(9) 



w(k, t) 



3F 2 
2<t> 2 F 



F 
2HF 



a5(f> v = z—i 



-zips<p, 



, _i_ 3F 2 . 



1 + _f_ H 

^ ' 2HF 

can be written as 



(10) 



Thus, we will consider Scj) as the representative one. A 
shortcut, but fully rigorous, way for deriving the equation 



for 



is obtained by an equation for 



Derivation 



of the ipsr/j equation is considerably easier compared with 
the one for 54> v . 

In the uniform-field gauge we let S(f> = 0, thus from (|^) 
SF = 0. In D a complete set of equations describing the 
scalar type perturbations in the generalized /(</>, R) grav- 
ity is presented in a gauge ready form. From Eqs. (69-74) 
of [^| we can derive a second order differential equation 
for ips4>- After a straightforward algebra we can derive 



r )v = o, 



(ii) 



where a prime denotes the time derivative based on the 
conformal time rhdi] = a^ 1 ^. 

Evolution of ([ll]) with different z was studied previ- 
ously p0|. In the small scale limit (z" / z <C k 2 ) we have 



cie 



- lkl i, thus 



V(k,ry) = ~- 



F 
2HF 



3F 2 
2<p 2 F 



ci(k)e lfc " +c 2 (k)e 



—ikrf 



(12) 
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For z"/z = n/f] 2 with n = constant, (|1 
Bessel equation with an exact solution jl 




becomes a 



u(k,J7) 



C 1 (k)ffW(A:|» 7 |) + C7 2 (k)ff( 2 )(fe|7 7 |) 



(13) 



We emphasize that are valid for the classes of grav- 

ity theories in (A)-(D) with general V((t>), u(<f>), and F(<fi) 
(or F(R)). It is noteworthy that (|7H13|) express various 
cases of gravity theories in unified forms. The equation 
and the asymptotic solutions for 5(f> v are simpler than 
the ones derived in the zero-shear gauge condition 

In the case of f(R) gravity without the scalar field 
F(R) plays similar role as the scalar field. (|7}jl5|) are 
valid for SF by replacing 6(f> using @; we replace 5<p v 
with {4>/F)8F v and let cf> = 0. (§) looks cumbersome for 
such replacement; a little trick [which can be confirmed 
by a straight algebra from (Q)] is that we replace 8(f> v 



with 8F,„ 



with F, and let w = 0. 



A minimally coupled scalar field in the uniform- 
curvature gauge was studied previously Jl^,||,|9|J|] . We 
have F = 1 and to — 1. ([)]) reduces to 



b v + 3H5cf>, 



+ a 2 lr -o 



H 



6cf) v = 0. 



The solution in (p|) becomes 



5<fru>(x.,t) 



H 



C(x) - £>(x) / -^j-dt 
Jo a A m z 



(14) 



(15) 



We note that this solution is valid for arbitrary V(<j>), 
which is true as long as the background dynamics is 
governed by the scalar field. If the background model 
supported by the scalar field is expanding in power-law 
a cc t 2 /[ 3 ( 1+w )] with w = p/fi = constant, we have 
<j)/H = constant [see Eq.(21) of jis|| l; an exponentially 
expanding background can be considered as a case of the 
power-law case |2(|. Thus, in the power-law case ( |Io| ) 
gives z"/z = a" /a cx rj~ 2 , and an exact solution is given 

by (|l3|) with v = gfe^n j the exponential expansion is a 
limiting case with w — > — 1, thus v = 3/2. 

The equation for decoupled gravitational waves in the 
generalized f((f>,R) gravity is derived in Eq.(39) of 



H 7 



3H 



H 7 



rH 7 



(16) 



Ht is gauge invariant; for the notation, see §5.2 of 
The large scale solution is 



if T (x,t) = C 9 (x)-.D 9 (x) 



1 



a*F 



:dt. 



(17) 



where C ff (x) and -D g (x) are coefficients of the growing 
and decaying modes, respectively. ( |l^ , [l7| ) for Ht can 
be compared with (0]|) for tpg^, ; growing modes of both 
quantities are conserved in the large scale. (|l6| ) can be 
transformed into a form similar to (111): 



fc 2 - Z l \ v g = 0. 



v g = ciVfHt = z g H Tl z g = d^F . (l8) 

Similarly as in (J12|), in the small scale limit we have 



h t (Kv) 



aVF 



c gl (k)e^ + c g2 (k)e 



-ikrj 



(19) 



We comment on a way of managing our perturbation 
equations and formal solutions in some concrete cosmo- 
logical models. The equations and the general asymp- 
totic solutions derived above are valid for the classes 
of the gravity theories mentioned in (A)-(D). In order 
to derive the solutions in explicit forms, all we need to 
know are the evolution of the background universe char- 
acterized by the scale factor a(t) and probably the scalar 
field cf>(t). Equations for the background are presented in 
Eqs. (68,76) of @: 



H 2 = ±- 

3F V 2 r 



RF-/ + 2V 



H 



1 

" ~2F 
3#<H 



U!(f> + F - 



2 

H F 



3HF] 



0. 



(20) 
(21) 
(22) 



fl22| ) follows from fl20| , f2ip . After selecting the favorite 
gravity theory (thus specifying F and u>), one can tr 
to find the evolution of the background by solving ( 
|22] ). Having solutions for the background, the rest are 
straightforward integration for the scalar mode using 
12), and for the gravitational wave using (|^,|l7|,[l9|) . 



we 



From a known solution in a gauge, for example 
can derive other variables in any gauge as linear combi- 
nations Jl7| . 

Let us consider a model in which the dynamics in 
the later stage of the evolution is governed by the Ein- 
stein gravity. Evolutions of cosmological perturbations 
in the context of Einstein gravity are well known psfl . In 
the Einstein gravity filled with an ideal fluid, — (p x , v x , 
5fi v /fi, and ST V /T p3 play the roles of the Newtonian 
potential fluctuation(< ! ><I>), velocity fluctuation (5v), rel- 
ative density fluctuation (6g/g), and the relative temper- 
ature fluctuations in the cosmic microwave background 
radiation (5T/T), respectively [f25f . In the matter domi- 
nated stage, ignoring the decaying modes, we have [E5j: 



5^> 



:C, Sv 



2 / k 
5 [aH 



a 



So 
Q 



2 / k 
5 \aH 



5T _ 1 
~T- 5 C - 



C, 
(23) 
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The coefficient of the growing mode, C(x), is matched so 
that it is the same as the one in (g). C(x) encodes the 
spatial structure of the growing mode, and determines 
the variables characterizing the perturbed evolution in 
the linear regime. Through the linear evolution the spa- 
tial structures are preserved. 

If the early universe was governed by a generalized 
gravity, C(x) can be determined from the fluctuations 
in the scalar field using (||); we are considering a simple 
situation where the scales we consider were always in 
the large scale limit p6) . Remarkably, for the growing 
mode, exactly the same solution known for the Einstein's 
gravity remains valid for the generalized gravity (A)-(D); 
from (||), we have 



C(x) = ~l 



>(x,t), 



(24) 



which does not involve F and uj. [For the gravitational 
wave, see (17).] As mentioned before, C(x) character- 
izes the spatial structure of the growing mode of every 
variable. According to (||), C(x) can be interpreted as a 
curvature inhomogeneity in the uniform-field gauge (we 
write the gravitational wave case together): 



ipsfifct) = C(x), H T (x,t) = C 9 (x), 



(25) 



which are valid in the corresponding large scale limits. 

We note that the simple presentation above is possible 
due to our suitable choices of gauge, or equivalently gauge 
invariant combinations. The simple and unified forms of 
equations and asymptotic solutions derived above will 
be useful for rigorous treatment of the evolution of per- 
turbed universe in the context of generalized gravity. 

We thank Dr. H. Noh for many useful comments. 
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